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Modelling skewed data with many zeros:
A simple approach combining ordinary
and logistic regression
D A V I D F L E T C H E R , 1 , 2 , * D A R R Y L M A C K E N Z I E 2 and
EDUARDO VILLOUTA3
1

Department of Mathematics and Statistics, University of Otago, P.O. Box 56, Dunedin, New
Zealand
E-mail: dﬂetcher@maths.otago.ac.nz
2
Proteus Wildlife Research Consultants, P.O. Box 5193, Dunedin, New Zealand
3
Department of Conservation, Wellington, New Zealand
Received July 2003; Revised September 2004

We discuss a method for analyzing data that are positively skewed and contain a substantial proportion of zeros. Such data commonly arise in ecological applications, when the
focus is on the abundance of a species. The form of the distribution is then due to the
patchy nature of the environment and/or the inherent heterogeneity of the species. The
method can be used whenever we wish to model the data as a response variable in terms of
one or more explanatory variables. The analysis consists of three stages. The ﬁrst involves
creating two sets of data from the original: one shows whether or not the species is
present; the other indicates the logarithm of the abundance when it is present. These are
referred to as the ‘presence data’ and the ‘log-abundance’ data, respectively. The second
stage involves modelling the presence data using logistic regression, and separately modelling the log-abundance data using ordinary regression. Finally, the third stage involves
combining the two models in order to estimate the expected abundance for a speciﬁc set of
values of the explanatory variables. A common approach to analyzing this sort of data is
to use a ln (y+c) transformation, where c is some constant (usually one). The method we
use here avoids the need for an arbitrary choice of the value of c, and allows the modelling
to be carried out in a natural and straightforward manner, using well-known regression
techniques. The approach we put forward is not original, having been used in both conservation biology and ﬁsheries. Our objectives in this paper are to (a) promote the
application of this approach in a wide range of settings and (b) suggest that parametric
bootstrapping be used to provide conﬁdence limits for the estimate of expected abundance.
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Introduction
In many ecological research studies, abundance data often exhibit two features: a
substantial proportion of the values are zero, and the remainder has a skewed distribution. Both these attributes reﬂect the patchiness of the environment and/or the
inherent heterogeneity of the species concerned. Suppose we wish to model the
abundances in terms of one or more covariates. A common approach would be to
use a general linear model, in conjunction with a ln(y+c) transformation, where y is
the response and c is some constant (usually c=1). The aim of this transformation is
to better satisfy the assumption that the errors are normal and have constant variance. An obvious disadvantage of this approach is that the choice of c is arbitrary
and yet may inﬂuence the results of the analysis. Use of a square-root transformation
avoids this problem, but may not always lead to normality of the errors. For both
types of transformation, the presence of a substantial proportion of zero values will
often make the assumption of constant error variance invalid.
A number of alternative approaches have been suggested for the analysis of this
kind of data:
1. Fit a generalized linear model, in which the response is modelled as a random variable with a Poisson or negative binomial distribution. Both of these
approaches suﬀer from the handicap that the proportion of zero values must
necessarily be linked to the distribution of the positive values, often leading
to a poor ﬁt to ecological data (Welsh et al., 1996).
2. Modify the approach in (1) by assuming that the response has a mixture distribution. With probability p it is equal to zero, and with probability 1)p it
has a Poisson or negative binomial distribution (Lambert, 1992).
3. Separately model (a) the occurrence of a zero value (as a Bernoulli random
variable) and (b) the positive abundances. This has two major advantages.
First, we can model these two aspects of the data separately, and gain
insight into whether they are being inﬂuenced by the covariates in diﬀerent
ways. Second, the analysis is simpler than with the mixture model approach
as the parameters for the two models can be estimated and interpreted independently (see Welsh et al., 1996 for details).
The last of these approaches has been used in both ecology and ﬁsheries. An early
reference is Lachenbruch (1976), who focussed on the simple case of comparing two
groups, and considered exponential, lognormal and truncated Poisson distributions
for the positive data. In an ecological setting, Welsh et al. (1996) called this a
conditional model, and suggested using a truncated Poisson or negative binomial
distribution for the positive abundances. Dobbie and Welsh (2001) extended the
model to deal with serial dependence in repeated measurements. The general idea
behind this approach is mentioned by Manly, McDonald and Thomas (1993, Section
10.4), in the context of modelling the amount of resource used by a population of
animals. In a ﬁsheries context, Stefansson (1996) suggested using either a gamma or
a lognormal distribution for the positive values. Both Welsh et al. (1996) and
Stefansson (1996) give expressions for the likelihood associated with this type of
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model, and show that it contains two distinct components corresponding to the two
models being ﬁtted. Welsh et al. (1996) also pointed out that the covariance matrix
for the full set of parameters can be obtained from the covariance matrices obtained
by ﬁtting the two component-models. Lo, Jacobson and Squire (1992) used a
lognormal distribution for the positive values, but used only a normal approximation to model the proportion of zero values. In meteorology, Coe and Stern (1982)
used this type of approach to model rainfall data, and chose a gamma distribution to
model amount of rainfall. In principle, we can choose any model for the positive
abundances that we think is appropriate. Note that a related topic of current interest
in ecology is the relationship between occupancy and abundance (Gaston et al.,
2000).
The purpose of this paper is to present an example of the use of a special case of
the conditional model, in which the model of the positive abundances is assumed to
have errors that are lognormally distributed. The advantage of this special case is
that we can use well-established techniques, ordinary and logistic regression, to
provide estimates of the parameters. We also suggest the use of parametric bootstrapping to provide conﬁdence intervals, rather than analytical expressions (c.f.
Stefansson, 1996).
Our motivation for this work came from a study carried out by one of us (EV) into
the potential ecological impacts of a sea urchin (Evechinus chloroticus) ﬁshery in
Fiordland, New Zealand. The data from this study are summarized in the next
section.

2. Data
Data were collected in Dusky Sound (45 45¢ S; 166 35¢ E), in Fiordland, New
Zealand, as part of a study by the Ministry of Fisheries and Agriculture to assess the
relationship, if any, between algal abundance and that of the sea urchin Evechinus
chloroticus (hereafter Evechinus: McShane et al., 1993). Sites were 100-m sections of
coastline, randomly selected from within the study area on each of four sampling
dates between 1993 and 1995. Thirty-two of the sites were visited on more than one
date: for the simplicity of presentation we have omitted these from our analysis,
giving a total of 103 sites, each visited once. At each site, the research vessel was
stopped at an oﬀshore-point suitable for diving. Two divers were sent down from the
research vessel, to a randomly chosen depth between 6.5 and 12 m. Densities of
Evechinus and the seaweed Ecklonia radiata (hereafter Ecklonia) were then measured
using a 25 m · 1 m quadrat, formed by ‘rolling’ a 1 m2 quadrat 25 times in a
randomly-chosen direction (McShane et al., 1993). The data are available from the
ﬁrst author (DF).
The sites chosen diﬀered in their exposure to water motion. We assumed that in
the study area water movement is a function of oceanic swell, local-generated waves,
and tidal currents. Diﬃculties in making direct measurements of these three factors
led to a search for one or more related indices for each site. The distance to the mouth
of the ﬁord entrance was chosen as an index for exposure to swell. Broken and hilly
topography results in complex local-generated wind patterns. Due to the diﬃculties
that would be involved in measuring the direction and force of the wind at each site
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during a representative period of time, we developed an index of potential fetch. This
was deﬁned as the sum of a set of radial distances as follows. Radii were drawn at
10 degree intervals, and the distance to the point of ﬁrst intersection with land was
measured. For open stretches of water, we arbitrarily set the radial distance to be
10 km. Tidal currents were assumed to be stronger when passing through narrow
passages than in open water. We therefore used the distance across to the nearest
land as an index of tidal current speed.
The subset of the data that we consider here consists of six measurements for each
site. The response variable is the mean density of Ecklonia (individual plants/m2).
The ﬁve explanatory variables are:
K
D
M
A
F

Logarithm of mean abundance of Evechinus (individuals/m2)
Date
Distance to mouth (km)
Distance across (km)
Fetch (km)

We used a ln(x+1) transformation for K, in order to allow for zero mean
abundances of Evechinus. As K is not a response variable, the arbitrary nature of the
choice of constant is not crucial.
The objectives of the analysis were to predict the mean density of Ecklonia that
would be observed with the explanatory variables set at speciﬁc values. In particular,
we were interested in predicting the density of Ecklonia that would result from a
change in the density of Evechinus caused by introducing a ﬁshery. Assessing the
importance of physical factors (oceanic swell, local waves and tidal currents) on the
relationship between Ecklonia and Evechinus has important management implications. If the eﬀect of Evechinus harvest on Ecklonia varies according to the level of
these physical factors, it is harder to achieve a uniformly small impact throughout
the ﬁord. We might then need diﬀerent harvesting limits in diﬀerent parts of the
ﬁord, in order to achieve this objective.

3. Analysis
We ﬁrst created two datasets: one indicating whether Ecklonia was present or not at
each site, the other showing the log-transformed abundance for those sites where
Ecklonia was present. These two data sets are referred to here as the ‘presence data’
and the ‘log-abundance data’, respectively. Note that the log-abundance data contained fewer observations than the presence data, as it excluded those sites where
Ecklonia was absent.
We then modelled both the presence data and the log-abundance data in terms of the
explanatory variables, using logistic and ordinary regression, respectively. Date was
regarded as a ﬁxed blocking factor. We therefore considered models containing date
(D) plus the main eﬀects and all possible interactions between the other four explanatory variables (K, M, A and F). For both types of model, we used a stepwise selection
procedure, with D always being kept in the model. Details of the selection procedures
are not given here, as they are not relevant to the approach. We checked model
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adequacy for the ordinary regression by inspection of the residuals. These indicated no
obvious problems with the model. For the logistic regression, a reliable lack-of-ﬁt test
was not possible, as continuous covariates were present (Hosmer et al., 1997).
The ﬁnal models for the presence and log-abundance data were combined to
predict the expected density of Ecklonia as follows. Let Y(k, d, m, a, f) be the density
of Ecklonia when K = k, D = d, M = m, A = a and F = f. Also, let Z(k, d, m, a,
f) be a binary variable, equal to one when Ecklonia is present and zero otherwise.
The expected value of Y is given by:
EðYÞ ¼ PrðZ ¼ 1ÞEðYjZ ¼ 1Þ þ PrðZ ¼ 0ÞEðYjZ ¼ 0Þ;
¼ PrðZ ¼ 1ÞEðYjZ ¼ 1Þ;
¼ pl;
where p=Pr(Z=1) and l=E(Y|Z=1). A natural estimate of the expected density of
Ecklonia is given by (Stefansson, 1996; Welsh et al., 1996):
^
^l
^;
EðYÞ
¼p

ð1Þ

  n
 o
^ = 1 þ exp x0 b
^
^ ¼ exp x0 b
p

ð2Þ



^2 =2
^ ¼ exp w0 ^
hþr
l

ð3Þ

where

and

^ is the
are the estimates of p and l obtained from the two regression models. Thus, b
vector of estimates of the coeﬃcients in the logistic regression model for the presence
data, and x is the corresponding vector of explanatory variables. Similarly, ^h is the
^2 the residual mean
vector of estimates, w the vector of explanatory variables, and r
square in the regression model for the log-abundance data (Crow and Shimizu, 1988).
A conﬁdence interval for the estimate in equation (1) was obtained using parametric bootstrapping (Davison and Hinkley, 1997). This involved randomly gener^ Þ by resampling b, h and r2 and then using equations
ating alternative values of EðY
(2) and (3). In the resampling, it is simpler and more direct to resample x¢b and w¢h
^ and
than b and h. Thus, x¢b was selected from a normal distribution with mean x0 b
0^
^
^
variance x Rb^ x, where Rb^ is the covariance matrix for b, obtained from the logistic
regression analysis. Likewise, w¢h was selected from a normal distribution with mean
^ ^ is the covariance matrix for ^h, obtained from the
^ ^ ; w, where R
w¢h and variance w0 R
h
h
^2 were generated by selecting kðr2 =^
ordinary regression analysis. The values of r
r2 Þ
2
from a v distribution with k degrees of freedom, where k is the number of residual
degrees of freedom in the ordinary regression analysis. Note that the assumption of
normality for the errors in the ordinary regression model implies independence of ^h
^2 , allowing them to be selected independently in the bootstrap sample. There
and r
^ Þ to
are a number of options for using the resulting bootstrap sample of values of EðY
produce a conﬁdence interval (Davison and Hinkley, 1997; Manly, 1997): we chose
to take the 2.5th and 97.5th percentiles from 9999 bootstrap samples.

50

Fletcher et al.
(a)

1.0

Probability of Ecklonia

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0
0

2

4

6

8

10

12

(b)

2.5

Ecklonia Abundance
given Presence

Evechinus Abundance

2.0
1.5
1.0
0.5
0.0
0

2

4

6

8

10

12

10

12

Evechinus Abundance
(c)

3.5

Ecklonia Abundance

3.0
2.5
2.0
1.5
1.0
0.5
0.0
0

2

4

6

8

Evechinus Abundance

Figure 1. Estimates of (a) probability of presence, (b) expected abundance given presence
and (c) expected abundance of Ecklonia (dashed lines are 95% conﬁdence limits), plotted
against abundance of Evechinus. The predictions are for an average site (M, A and F set to
9.22 km, 0.72 km and 32.68 km, respectively). Abundance is measured in individuals per m2 .
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4. Results
Table 1 shows the parameter estimates for the logistic regression and ordinary
regression models for the explanatory variables of interest. Note that for computation purposes, the variables M, A and F were ‘studentized’ before analysis by
subtracting the corresponding mean and then dividing by the standard deviation.
For the presence data, the selected logistic regression model included a 3-way
interaction between A, F and K. For the log-abundance data, the selected model
contained a two-way interaction between M and K.
^ Þ,
Figure 1 shows how the results from the two models are combined to give EðY
the expected Ecklonia abundance at an average site, together with bootstrap-based
conﬁdence limits. This average site has the values of M, A and F set to 9.22 km,
0.72 km and 32.68 km, respectively, the means observed in the study.
There is clear evidence that increasing Evechinus density is associated with a decrease in both the presence of Ecklonia and its abundance given that it is present.
There is also evidence that these relationships depend on A, F and M. As distance
across increases or as fetch decreases, a change in Evechinus density is associated with
a larger decrease in the probability of Ecklonia being present. As distance to mouth
increases, a change in Evechinus density is associated with a larger decrease in the
abundance of Ecklonia (given that it is present). Using the estimates and standard
errors given in Table 1, we can quantify the overall relationship between Evechinus
and Ecklonia for an average site (Figure 1) as follows. If Evechinus density doubles,
the odds of Ecklonia being present are reduced by 94% (95% CI: 67–99%). Second,
when Ecklonia is present, the same doubling of Evechinus density leads to Ecklonia
abundance being reduced by 50% (95% CI: 6–73%). Note that since a ln(x+1)

Table 1. Estimates and standard errors of the coeﬃcients for the explanatory variables of
interest in the ﬁnal logistic and ordinary regression models, chosen using stepwise selection.
K = Logarithm of (mean abundance+1) of Evechinus; M = Distance to mouth; A = Distance across; F = Fetch; r
^2 = residual mean square in the regression for the log-abundance
data. Estimates of the coeﬃcients for the blocking factor Date are not given, as they are not of
direct interest in the analysis.
Logistic regression

Constant
K
M
A
F
MK
AK
FK
AF
AFK
r
^2

Ordinary regression

Estimate

SE

Estimate

SE

3.7669
)3.9669
–
1.1430
)0.5105

0.9452
1.1772
–
1.1819
0.8422

)2.3432
1.9401
)2.5735
3.3222
–

1.6391
1.1256
1.1143
1.4912
–

0.0183
)0.9860
0.9125
)0.2080
)0.3191
)1.5462
–
–
0.3407
–
1.2977 (69 d.f.)

0.2715
0.4475
0.2378
0.3022
0.2154
0.3955
–
–
0.1297
–
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transformation was used for K, a doubling of Evechinus density here strictly means a
doubling of (Evechinus density +1).
Using the bootstrap samples that were generated to calculate 95% CI, we estimated the bias in expected abundance of Ecklonia for the range of Evechinus
abundances shown in Figure 1. The maximum bias occurred when Evechinus
abundance was zero, and was less than 0.07 individuals per m2 .

5. Discussion
The analysis we have presented has allowed us to assess the eﬀect of a number of
biological and physical factors on the abundance of a patchily-distributed organism.
By separately modelling the probability of presence and the abundance given presence, we have learned more about the system than we would have using a single
model for abundance. In addition we have been able to simply combine the results
from the two analyses to provide predictions that will be useful for management.
We suggest that the approach we have used can be applied in a wide range of
settings. The idea of using a conditional model for positively skewed data that
contain a large proportion of zeros is not new. It has been used in both an ecological
context (Welsh et al., 1996) and a marine setting (Lo, Jacobson and Squire, 1992;
Stefansson, 1992). It is also akin to the methods put forward by Coe and Stern (1982)
in meteorology, and by Lambert (1992) in manufacturing process control. Our aim
has been to present this approach as one which could be used widely in the biological
sciences. If the presence data and the log-abundance data can be adequately modelled using logistic and ordinary regression respectively, the estimation part of the
analysis simply involves separate application of these two well-known methods.
Indeed, in this case, the use of the conditional model can be seen as a way of
extending standard general linear model analyses to better cope with this type of
data.
There are three issues to mention regarding use of the methods we have put
forward here. First, the log-abundance data may be highly unbalanced, compared to
the original dataset. This will mean that more care is needed in the resulting analysis,
but such an analysis may be more reliable than one based on a ln(y+c) transformation. Second, if the predicted probability of presence approaches zero or one for
values of the explanatory variables that are of interest, the use of parametric bootstrapping may not provide a reliable estimate of precision (Efron and Tibshirani,
1993). Third, if the sample size is small, the logistic regression may not provide
suﬃcient power to detect eﬀects that would be of interest. A related issue is that we
may prefer to use a non-parametric bootstrap procedure if we are unsure of the
validity of the assumptions inherent in the parametric bootstrap, i.e. that both x¢b
and w0 ^
h are normal, and that kðr2 =^
r2 Þ has a v2 distribution. Given these caveats, we
feel that the approach we have put forward is well worth considering when analyzing
skewed data with a large proportion of zeros.
It is worth noting here the similarities and diﬀerences between the conditional
model and the mixture-model approach (Lambert, 1992). A key point is that the
mixture-model approach allows zeros to be part of either component. This may lead
to a better ﬁt to the data when some of the zeros arise as a consequence of mea-
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surement error. The associated disadvantage is that both estimation and interpretation are not as straightforward as for the conditional model. Both approaches
allow diﬀerent sets of explanatory variables to be used to model the two components,
thereby leading to a better understanding of the system under study.
We have advocated use of the parametric bootstrap to provide conﬁdence intervals for the expected response. We would expect this approach to be more reliable
than one based on large-sample analytical results. Such results are often expressed in
terms of an approximate standard error. Any conﬁdence interval based on this
would be symmetrical, and thereby deny the skewness inherent in the data.
In the context of marine abundance surveys, Pennington (1983) suggested use of
the so-called D-distribution, which was discussed by Aitchison and Brown (1957).
This distribution is the same as the one we have assumed in our example. Myers and
Pepin (1990) has argued against uncritical use of this distribution, in situations where
the positive abundances are not lognormally distributed. Clearly the use of the
conditional model does not do away with the need to check model assumptions.
With the logistic model for the probability of a zero there is the possibility of overdispersion (McCullagh and Nelder, 2000). With the model for the positive values, it
can be useful to check the relationship between the mean and variance, in order to
distinguish between a lognormal, gamma (Stefansson, 1992), truncated negativebinomial/Poisson (Welsh et al., 1996) or Ades (Perry and Taylor, 1985) distribution.
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